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Abstract. In this article we prove the existence and uniqueness for degenerate stochastic differ- 
ential equations with Sobolev (possibly singular) drift and diffusion coefficients in a generalized 
(N . sense. In particular, our result covers the classical DiPerna-Lions flows and, we also obtain the 

well-posedness for degenerate Fokker-Planck equations with irregular coefficients. Moreover, a 
£ : large deviation principle of Freidlin-Wenzell type for this type of SDEs is established. 



0^ 1. Introduction 

Oh 

divergence and 6 L l (R d ) + L°°(R d ), then there exists a unique regular Lagrangian flow to 
ordinary differential equation (ODE) in R d : 



On 



The celebrated DiPerna-Lions theory IfTOll says that if a vector field b e W,' (K d ) has bounded 



dX t (x) = b(X t (x))dt, X (x) = x. (1.1) 
(N ■ 

This theory was later extended to the case of BV vector field by Ambrosio JT). Their methods 
were based on the connection between ODEs and transport or continuity equations. Recently, 



Crippa and De Lellis [9] developed a more direct argument to treat this problem by using the 
Hardy-Littlewood maximal functions if b is assumed to be in wl' p (R d ) for some p > 1. More- 
over, Cipriano and Cruzeiro (SI studied the non-smooth flows associated to (11.11) when the 
exponential of divergence of b satisfies some Z/(R rf ,ju)-type hypothesis, where /u is the standard 
Gaussian measure on W 1 . Such theory has also been extended to the classical Wiener space by 
Ambrosio and Figalli Q (see also Fang and Luo (US). 

We now turn to the following Ito's stochastic differential equation (SDE) in R d : 

dX t (x) = b(X t (x))dt + o-(X t (x))dW„ X (x) = x, (1.2) 

where b : R d — » W 1 and <x : W 1 — » R d x R m are two measurable functions, and (V^), e [o,i] is an 
m-dimensional standard Brownian motion on the classical Wiener space (£1, 3 ', P), i.e., Q is the 
space of all R m -valued continuous functions on [0,1], & is the associated Borel a- field, P is 
the standard Wiener measure. For a generic point a> 6 £1, W t (aS) = to t is the coordinate process. 
Let & t be the natural Brownian filtration generated by {W s ,s < t). 

In [fT4ll . Figalli proved the well-posedness of martingale solutions for SDE (11.21) with Sobolev 
coefficients by studying the associated Fokker-Planck equations. His strategy is similar to [0Q. 
Recently, we ll28l gave a direct construction for the almost everywhere stochastic flow of (|1.2I) 
by using the same argument as in Crippa and De Lellis |[9]|. Further more, through linearizing 
Brownian motion, we 11231 also proved a classical limit theorem that the solutions of ODE 
(11.11) converges to the solutions of Stratonovich's SDEs in a generalized sense. In the works of 
[Hl|28l|23]|, the vector field b needs to be in Wjf(R d ) for some q > 1. In the non-degenerate and 
regular case of diffusion coefficients, there have been numerous results about the existence and 
uniqueness of strong solutions to SDE (11.21 ) with singular drift b (cf. ll3m[T51[T£ll2~7Tl , etc.). 

l 



The present work is a continuation of [28] and |[2~3l , and the main aims of this paper are two 
folds: First, we try to relax the assumptions on the diffusion and drift coefficients so that the 
diffusion coefficients can be discontinuous for Stratonovich SDEs, b can be in W]£(R d ), and 
the divergence of b can be polynomial growth. Secondly, we prove a Freidlin-Wentzell large 
deviation principle for SDEs with Sobolev coefficents. 

In order to obtain a Freidlin-Wentzell large deviation estimate for SDE (|1.2I) with discontinu- 
ous coefficients, we shall employ the weak convergence method of Dupuis and Ellis Ifm . This 
method has been proved to be very effective for various stochastic systems (cf. lHl[6l|22]|, etc.), 
where the key point is to use the variational representation of certain exponential Brownian 
functionals (cf. [|3l|29]|) to prove an equivalent Laplace principle. 

This paper is organized as follows: In Section 2, we state our main results. In Section 3, 
some preliminaries are given. In Section 4, the well-posedness theorems are proven. In Section 
5, we shall prove a large deviation principle for SDE (11.21) . 



2. Statement of Main Results 

Let ^((R d ) be the total of all locally finite Borel measures on R d . For p>\ and p e ^(R d ), 
let L p = L^(R d ) be the usual L p -space over (R d ,p) and Wj'*(R d ) the usual local Sobolev space. 
If p = Jzf (dx) is the Lebesgue measure, we simply write =: LP. For R > 0, by B R we denote 
the ball in R d with center zero and radius R. 

First of all, we introduce the following general notion about ju-almost everywhere stochastic 
flow of SDE O) (cf. mSIH): 

Definition 2.1. Let X t (co, x) be a R d -valued measurable stochastic field on [0, 1] x Q x R d . For 
p 6 J%(R d ), we say X a /i-almost everywhere stochastic flow of SDE rti.2D corresponding to 
(b,o-)if 

(A) for some p > 1, there exists a constant K p > such that for any nonnegative measurable 
function <p e L%(R d ), 

sup E f <p(X t (x)Mdx) < K p \\cp\\ LP ; (2.1) 

re [0,1] jRd 

(B) for p-almost all x e R d , t h> X t (x) is a continuous ( & t )-adapted process satisfying that 

|fc(X,(x))|ds + f |<r(X,(jt))| 2 ds < +oo, p- a.s., 
Jo 

and 

X t (x) = x + \ b(X s (x))ds + \ o-(X s (x))dW s , W 6 [0, 1], 
Jo Jo 

We first consider the following Stratonovich SDE: 

dX t (x) = b(X t (x))dt + cr(X t (x)) o dW„ X (x) = x, 

or equivalent Ito's form: 

dX f (jc) = [b + \o- jl djO-\X t (x))dt + <r(X,(x))dW t , X (x) = x. 

Here and below, we use the conventions that the repeated indices in a product will be summed 
automatically, and all derivatives and divergence are taken in the distributional sense. By defi- 
nitions, diver'' := dicr' 1 , 1 = 1, • • • , m 

The following result is an extension of [T281, Theorem 2.6] to Stratonovich's SDE. 

2 



I 



Theorem 2.2. Assume that for some r e [0, +00), 

lb \ +lV °~[ \o-\eL°°(B% beW%($L d ), treW%(R d ), (2.2) 
1 + \x\ 



and for some e e (0, 1), 

[divbT, |divcr|, sup \cr(- - z)\ ■ |Vdivcr| e L°°(R d ). (2.3) 

kl<e 

r/?en there exists a unique J£ -almost everywhere stochastic flow X t (x) in the sense of Definition 
12. 1 1 corresponding to {bo-, cr) with p = 1 in f l2.il) . where bo- = b + jcr jl djcr' 1 . 

Remark 2.3. If diver = divb = 0, then from the proof below, one can see that 

I (p(X t (x))dx = I (p(x)dx a.s., V* 6 [0, 1], 

which means that stochastic flow x h-> X t (x) is incompressible. In this case, b and cr in Theorem 
\2.2\ only need to satisfy ( 12.21) and so, are allowed to be singular in a finite ball. If cr vanishes, 
then our result covers the classical DiPerna-Lions flow. 

Our next aim is to relax the assumption [div£>]~ 6 L°°(R d ) so that [divZ?]~ can be polynomial 
growth. We shall prove that: 



Theorem 2.4. Assume that for some q > 1, 

|V^|,|Vcr| 2 eL^(R d ), JM±!£l 6 ^(r^ ( 2.4) 

1 + be 



( 1 1 Wit' t'.MM Jll/K IK'/I,^ , I t L ' *•"'' 

x e ~ 

72 



and there exist functions A e C (R ) and 71, 72, 73 satisfying that for all small y in B £ and all 

d 



A(x)<y l (x-y), \VA(x)\<y 2 (x-y), |V^(x)| < y 3 (x - y), (2.5) 
such that for all p > 1, 

exp{/?([div&]" + \b\ji + |o-| 2 (y| + 73) + |Vcr| 2 j(x) + 7i(x)}dx < +00. (2.6) 



f 



Lef /i(dx) = e^dx. 77zen zizere e^a'sto a unique fi-almost everywhere stochastic flow X t (x) in the 
sense of Definition 12. 1 1 corresponding to (b, cr) with any p > 1 in d2.il) . 

Remark 2.5. in f/iw theorem, assumptions ( 12.51 ) and ( 12.(51) are a /z/f/e £zY complicated. We now 
explain them by introducing two examples. 

(1) Let A(x) = -alog(l + \x\ 2 ) for some a > |. For all \y\ < 5 and.* 6 R rf , we nave 

< -alog(l + (|x-y| - \y\) 2 ) < -or log (l + \\x- y\ 2 - \y\ 2 ) 

< -a log (I + \\x-y\ 2 ) < -or log (l + |x - y| 2 ) + alog 2 =: yi(x-y), 

and 

,_ w Nl 2a|x| 4a 8a / 

|V^)| < ——j < — — < — - =: y 2 (x-y), 

1 + \x\ 2 1 + \x\ 1 + \x - y\ 

,,-,2 w \ 1 6a 6a 12a 

l + \x\ 2 1 + \\x-y\ 2 - |v| 2 l + |x-y| 2 

in ziizs case, zj £ and cr are linear growth, then condition ( 12.61) reduces to 

exp {p([divfc]~ + |Vcr| 2 )(x)j 



r 



(1 + 

3 



dx < +00, Vp ^ 1. 



(2) Let A(x) = -\x\ 2a for some a > 1. For all \y\ < \ and x e R d , we have 

A(x) < -(\x -y\- \y\) 2a < -(|* -y\- {) 2a < C a - \\x - y\ 2a =: 7l (x - y), 

and 

\VA(x)\ < 2a\x\ 2a ~ l < 2a(\x -y\ + \) 2a ~ l =: y 2 (x - y), 
\V 2 A(x)\ < Aa 2 \x\ 2a - 2 < Aa 2 {\x -y\ + \) 2a ~ 2 =: y 3 (x - y). 
In this case, if for some J3 e [0, 1), 

l*(*)l r r-,p* 

then by Young 's inequality, condition A2.6\) reduces to 

\ exp \p{[dbibY + IVof )(*) - \\x\ 2a ) dx < +oo, Vp>l. 

Remark 2.6. Recently, Fang-Luo-Thalmaier |Q"3l also studied the stochastic differential equa- 
tions in Gaussian space with Sobolev coefficients. However, our result is more general than [TT31 
Theorem 1.3]. In particular, from Remark (1) above, one can see that the condition 1.3 in [[TBI 
Theorem 1 .2] is not necessary. 

As an easy consequence of Theorem |2.4| and [24, Theorem 1.1], we have: 

Corollary 2.7. Assume that b and o~ are bounded measurable functions and for some q > 1, 

\Vb\,\Vo-\ 2 e Ll c (R d ), 

and i\2.6\) holds. Then for any probability density function cf> with J Rd (f>{x) r e^~ r ^ Ai - x) dx < +oo, 
where r > =: p, and A(x) is from Theorem \2.4\ there exists a unique distribution solution to 
the following Fokker-Planck equation 

d t u t = -div(bu t ) + ^d 2 j ([o- i 'o- jl ]u t ), u Q = (p, (2.7) 

in the class of 



M„ :=\u t e L 



') : u,(x) > 0, \ u t (x)dx = 1, sup \ u t {xfe (l - p)A(x) dx < +oo 

jR d f€[0,lj jR rf J 



Proof. Let X be an #o-measurable random variable with distribution (f>(x)dx. It is easy to see 
that Y t := X t (X ) solves the SDE: 

Y t =X + f b(Y s )ds + f (T(Y s )dW s . 
Jo Jo 

Let fi(dx) = e A ^dx. Now for any ip e C™(W ! ), by Holder's inequality, we have 
B<p(Y t ) = B(B<p(X t (x))\x = X )= f B<p(X t (x))<t>(x)dx 

(jT \B<p(X t (x))\^n(dx)j ' (jT (^(x) e -^V(dx)j' 

l-i - 

<(E^|^(x))|^/z(dx)j 'Ij^^WV^^dxJ' <Q|M| L ,. 



Hence, there exists awe A1 p such that for any ^ 6 C~(R. rf ) and t G [0, 1], 



r 



y?(*)H,(*)d* = Etp(Y t ) < C^IM| L ». 
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By Ito's formula, it is easy to check that u is a distribution solution of (12.71) . The uniqueness 
follows from [24, Theorem 1.1]. □ 



Remark 2.8. Compared with the result of Le Bris and Lions 11201 Proposition 5], their well- 
posedness for equation A2.7i) was given in the following space 

{u e L°°(0, 1; (L 1 n L°°)(R d )), cr'Vw e L 2 (0, 1; L 2 (R d ))}. 

Moreover, the conditions on b and o~ are different. 



Next, we consider Freidlin-Wentzell's large deviation estimate of SDE (11.21) in the situation 
of Theorem 12.41 For e e (0, 1), let X Et (x) solve the following SDE in the sense of Definition 

dX £j (x) = b(X E>t (x))dt + yfeo-(X s , t (x))dW t , Z e , (x) = x. (2.8) 
We need to fix another weighted measure v(dx) = e p(x> dx such that 



r 

jR d 



x\ 2p v(dx) < +oo, \/p>\. 



Thus we can consider equation (12.81) as an infinite-dimensional stochastic equation in Banach 
space L 2 /(R d ), p > 1: 

X £ , t = Id + f b(X s>s )ds + f o-(X s , s )dW s . 
Jo Jo 

The large deviation result is stated as follows. 

Theorem 2.9. Assume that b and o~ satisfy the same assumptions as in Theorem \2.4\ Then 
the family of random variables (X e ) £e(0j i) as taking values in space S := Ly P (R rf ; C([0, 1]; R d )), 
p > 1 satisfies the large deviation principle. More precisely, for any B e S(S), we have 

- inf /(/) < lime log P(X S 6 B) < lime log P(X S e B) < -inf /(/), 



where 1(f) := | inf ( / ie£ 2 (0 1): y =x ; ! j ||/z||^ 2 , andX h solves the following equation: 



[ b(x s )ds+ r, 

Jo Jo 



X, = Id + J />(A\)d.v+ | (r(X v )// v d.v. (2.9) 
//ere the closure and interior are taken in S. 

Remark 2.10. Although Corollary \2.7\ and Theorem \2.9\ are given under the assumptions of 
Theorem \2.4\ similar results also hold for Stratonovich's SDE in the situation of Theorem \2.2\ 

3. Preliminaries 

3.1. Two estimates on regular stochastic flows. In this subsection, we assume that b,cr e 
C~(R c/ ) are bounded and have bounded derivatives of all orders. In this case, it is well known 
that SDE CL2]) defines a C°°-diffeomorphism flows X t (x),x e R d ,t e [0, 1] (cf. |fT6l [T71 |2TTl). 
We first recall the following well known result about the Jacobian determinant (for example, 
see [|28lLemma3.11). 

Lemma 3.1. For any t e [0, 1] and x e W 1 , we have 

det(VX t (x)) = exp |^ divcr(X s (x))dW s + ^ [divb - ^d i o- J 'djO- il ](X s (x))ds^ , (3.1) 
and for any p > I, 

E| detiVX^ixW < exp j^(||[-div^ + \d i0 - il djO- a + ^d}^ 1 + f |divof ] + |L)} . (3.2) 
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Below, let A be a C 2 -function on R rf and define 

fi(dx) := e A(x) dx. 

We write 

J t {o),x) := — , J t ((o,x) := — , 

yu(dx) pi(dx) 

which means that for any nonnegative measurable function tp on R rf , 

I ^(Z ( (£j, x))fi(dx) = I <p(x)J t (fO,x)ii($x), (3.3) 

Jr<* jR rf 

f ^(Z f - 1 (w,x))^(dx) = f </>(x)J7(w,*)j"(dx). (3.4) 

Jr<* jR rf 

It is easy to see that for almost all a» and all (t, x) e [0, 1] x R d , 

JX^,x) = [j;(co,X; l (co,xW\ (3.5) 

and by Ito's formula and (13.11) . 

j;-( x ) = gKAWi-W) det(VX t (x)) = exp jjT A^(X s (x))dW, + jT A* ,(r (X s (*))<M , (3.6) 

where A^"(x) := [diver + cr'<9,/l](x) and 

A* ,<r (x) := [div£ + b%A + ±(crVd?v* - 
We now give an //-estimate for STt(x), which is crucial for Theorem 12.41 and inspired by 

CM. 

Lemma 3.2. Assume that fx(R d ) < +oo. Then for any t e [0, 1] and p > 1, we have 

i 

eT LJ f (jc)^(dJc) ^(R'W sup f expW|A^)| 2 -^ 2 A5' cr (x)Wdx)) P . (3.7) 

JR d \te[0,l]jR< 1 ) 

Proof. By (I3T4T) and (|3~3T> . we have 

eT I Ji(x)|V(dx) = E f |J'-(x)| 1 -V(dx). (3.8) 



Since for any a e R, 

? i-» exp 



a f A^(X,(jc))dW,-— f \A^(X s (x))\ 2 ds 
Jo ^ Jo 



is a continuous exponential martingale, by (13.61) and Holder's inequality, for any a e R and 
q > 1 , we have 

Eurwr < ( Eex p{j^ [S |A ' (X,W)|2 + ^A^(x s (^))]d5 



For the simplicity of notation, we write 

2(9-1) 



By Jensen's inequality, we have 



E f |JTWI 1_ V(dJc) < f (E^'^-^ (X ' ( - v))d ' s )V(d^) 

jR rf jR d V ' 



< f (- f Ee* -"" (XM) ds\ p(dx) 
JR.'' \ t Jo / 

< ^(R d ) 1_ * (- f E f (pi-nV-Mfiidxyds 

\t Jo Jr^ y 

\ t Jo Jr^ 
\Jr<< 



£zl 



X 



sup E f |J- s (x)|^(dx) 

se[0,l] Jr<* 



which together with (13.81) implies that 



sup J 

.«e[0,l] 



. r u, 

jR rf 



,.(x)| p yu(dx) < p(R d )~ I sup I e~ fc-MW^fo) 

fe[0, 



jp I e''- 

0,1] Jr^ 



pq- 1 



The proof is complete by simplifying the above expression with q = p. 
Remark 3.3. From ( 13.71) . one sees that by letting p I 1, 

eT \J t (x)\M(dx)<fi(R d )H f exp{|Aft*)| 2 + |A^(x)|Wd*) 

jR rf \J 

3.2. Two lemmas related to d2.ll) . The following lemma will play a crucial role for taking 
limits below (cf. ||28l|23l). 



Lemma 3.4. Let p. e ^(R d ) and (X n ) ne ® be a family of random fields on Q.X R d . Suppose that 
X„ converges to X for P <8> p-almost all (co, x), and for some p > \, there is a constant K p > 
such that for any nonnegative measurable function <p e L„(R d ), 



supE ip(X n (x))p(dx) < K p \\(p\\ L p. 



(3.9) 



Then we have: 



(i). For any nonnegative measurable function <p e L^(R d ), 



E f <p{X{x))p(dx) < ^IMU. 

jR d 



7f ^„ converges to <p in L p (R d ), then for any N > 0, 



limE 

n— >oo 



Jb n 



(x)) - (p(X(x))\p(dx) = 0. 



(3.10) 



(3.11) 



Proof, (i). First of all, for any nonnegative continuous function (p e C c (R d ) with compact 
support, by Fatou's lemma and (13.91) . we have 

e( f <p(X(x))dx) < limE( f ^WKdx)] < *„IMU 

\jR rf / n->oo \jR d / 

Let O c R d be a bounded open set. Define 



Then (p„ e C c (R d ) and for every x e R d , 

<p n (x) T lo(x) as n -> oo. 

By the monotone convergence theorem, we find that (13.101 ) holds for (p = l . 

We now extend (13.101) to the indicator function of any bounded Borel set. Without loss of 
generality, we consider Borel sets in (0, l] d , and define 

a//> 



f U 



<T := {A G S((0, 1] ) : E l A (X(x))}i(dx)\ < K pM (A) 



and 

£ /:=[A = nf =1 (a,,A] : < a, < l) . 

It is easy to see that ^ is a monotone class and srf is a semi-algebra on (0, l] d . Let =2^/ be the 
algebra generated by stf through finite disjoint unions. Since all open subsets of (0, l] d belong to 
by another approximation, one finds that g/^f <z^. Hence, by the monotone class theorem, 

S((0, 1/) d V d cr(^f) = S((0, 

Let (p be a bounded nonnegative measurable function on some bounded open set O. By 
Lusin's theorem, there exists a sequence of bounded continuous functions (p E with supports in 
O such that 

\\(p E \\co < IML, limju(A £ ) = 0, 

£— »0 

where A £ := {x e R d : <p(x) ± ip s (x)}. Hence, 

f \<p - <p e \(X(x)Mdx)) < 2|MLE ( f l AF (X(x)Mdx)\ 
Jr<i I \J ■■' / 

< IM^K^A^p ^ 0. 

For general unbounded nonnegative measurable function ip on R d , we can approximate it by the 
monotone convergence theorem again. 

(ii). Let <p m e C c (R d ) converge to <p in L?(R d ). By (ES and (OOl . we have 

E f |^(X b (x))-^(X(jc)M(Lc)<^ ji -^ + E f |^(Z n (x))-^(Z(x))Kdx) 

< K p \\(p n - tpWjP + 2ifp||^ m - 

+ E f | Vm (X„(jc)) - ^(X(x))Mdx), 

which converges to zero by first letting n — » oo and then m — > oo. □ 
Let £> > be a smooth function in R d with supp^ c i?! and f d g(x)dx = 1 . For s > 0, set 

:= (3-12) 

For a function Z? 6 L / 1 oc (R fi '), define 

b £ (x) :=b* g £ (x) = I b(y)g £ (x - y)dy, (3.13) 
and for any 7? > and <p e Lj oc (R d ), 

M R <p(x):= sup -r <p(x + y)dy, 

0<s<R JB S 

where <p(x + y)dy ■ = ^ f Bs <f(x + y)dy. 
We have the following elementary estimate. 



Lemma 3.5. Let b e W^ c (R d ). Then there exists an ^£-null set A c R d such that for all x, y A, 

nn\x-y\ r 
\lb\{x + z)dzds + 2 d f \Vb\(y + z)dzds. 
, Jo Jb s 

In particular, for any R > and x,y <£. A with \x — y\ < R, 

\b(x) - b(y)\ < 2 d \x - y\(M R \Vb\(x) + (M R \Vb\(y)). (3.14) 

Proof. Let b E (x) be defined by (|3.13l) . For r > 0, let Il(dz) denote the surface measure on the 
ball {z e R d : \z\ = r). Noting that 



Jo 



\b e (x) - b s (x + z)\ < \z\ I \Vb 8 \(x + sz)ds, 
we have 

f \b E (x) - b E (x + z)|n(dz) < r f f \Vb E \(x + sz)U(dz)ds 

J\z\=r Jo J\z\=r 

' \Vb E \(x + z)Il{dz)ds. 



= r f s l - d f 

Jo J|d= 



>k\ 

< I s-"C I \Vb K \(.v + -Rial a 

>B s i 



>\z\=sr 

Hence, for any I > 0, 

f \b E {x)-b E {x + z)\dz= f f \b s (x)-b s (x + zW(dz)dr 

JB{ Jo J\z\=r 

< f t [ s l ~ d f \Vb E \(x + z)U(dz)dsdr 

Jo Jo J\z\=sr 

= [ s- l - d [ r [ \Vb E \(x + z)n(dz)drd^ 

Jo Jo J\z\=r 

I ' rt I 

Jo Jb si 

= i d f s~ d f \Vb E \(x + z)dzds. 
Jo Jb s 

For any x,y e R d , set t := \x - y\, then 

\b E (x) - b s (y)\ < ( \b s (x) - b E (^ + z)\dz + f \b E (y) - b E {^ + z)\dz 

< 2 d f \b E (x) - b E (x + z)\dz + 2 d f \b E (y) - b E (y + z)\dz 
JB[ Jb { 

<2 d f-f \Vb E \(x + z)dzds + 2 d f f \Vb E \(y + z)dzds. (3.15) 
Jo Jb s Jo Jb s 

Since for any R, £ > 0, 

lim f f \b E - b\{x)dxdt = 
Jo Jb r 

and 

lim f f ( f-f \V(b E -b)\(x + z)dzds\dxdt = 0, 



£->0 

we can take limits s — » for (|3.15l) and obtain the desired estimate. 
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Lemma 3.6. Let b e Wj^(K d ). There exists an J£-null set A c R d such that for any 6,s e (0, \), 
and all x,y eR d \A with \x-y\ < 

\b(x) - b(y)\ d 

; = < 2 (Js, B (x) + fs, s (y)), (3.16) 

VIjc - y\ 2 + S 2 

where 

hs{x) := e- d \\Q\U f \Vb\(x + z)dz+l f f \Vb\(x + z)d z ds 
Jbi o Jo Jb s 

\V(b E -b)\{x + z)dz\ds, 

and b E (x) = b * g E (x) is the mollifying vector field. Moreover, for any R > 0, 

C* 1 c 1 

f 6 , E (x)dx < C e , d s- d \\Vb\\ V(BR+]) + ^—\\V(b E - b)\\ Ll{BR+l) , (3.17) 
Jb r * 

where C Q j only depends on \\g\\oo and d. 

Proof. Set i := \x-y\ < V^. By Lemma [331 we have 
\b(x) - b(y)\ " 1 w 



Vi*-yi 2 + £ 2 

We make the following estimate: 



< id [l a i) (Xj ivz?I(jc + z)dzds + Xj lVbl(y + z)dzds 



7 A 7) f f |Vfe|(jc + z)dzd5 < 7 T-f l v ^(* + z)dzdj + ff l v ^(* + 2)^ ds 
£)JoJb s o JoJb s t JsJb s 

o JoJb, ' JsJb s 

+ f-f \Ws ~ b)\(x + z)dzd5 

< \ f-f \Vb\(x + z)dzds + sup \Vb E (x + z)\ 



+ I |V(i e -i)|(jc + z)dz|dj. 



Estimate (13.161) now follows by noting that 

sup \Vb E \(x + z) < s-'WqW™ f \Vb\{x + z)dz 

zeB^ Jbi 

provided that s, 6 < 4 . 

As for (13.171) , by Fubini's theorem, we have 

f f fsAx)dxds < e^yioo f f \Vb\(x + z)d z dx + f f \Vb\(z)dzdt 
JoJbr Jb r JB[ JoJBr+i 

J<S s JO J B R 



+ I -ds I I \V(b E - b)\(z)dzdt 

Br+i 

1 

-d\\ 



< (e->||oo|5il + 1) \Vb\{z)dzdt 

JO Jfi R+ i 
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+iog(-U r r iv(& e - &)Kz)dzd*. 

The proof is complete. □ 

We also recall the following well known result (cf. [|26ll ). 
Lemma 3.7. For any p > 1, there exists C^ p > such that for any N, R > anJ ^ 6 L^ oc (M, d ), 

f (M^(x)) p dx < Q p f I^Wrdx. (3.18) 

3.3. An abstract criterion for Laplace principle. Let H be the Cameron-Martin space over 
the classical Wiener space, the space of all absolutely continuous functions from [0, 1] to W 1 , 
which is isomorphic to L 2 (0, 1; W 1 ) through the mapping h i-» h s ds. Below, we always regard 
H as L 2 (0, 1; R d ). For M > 0, set 

D M := {h e H : \\h\\ H < M} 

and 

( h : [0, 1] —* H is a simple and (J^) _a dapted ^ 
' | process, and for almost all to, h(-, to) e D M J " (3-19) 

We equip Dm with the weak convergence topology in H so that Dm becomes a compact Polish 
space. Let § be a Polish space. A function / : S — » [0, oo] is given. 

Definition 3.8. The function I is called a rate function if for every a < oo, the set [f e S : /(/) < 
a} is compact in S. 

Let {Z £ : £2 — » S,e 6 (0, 1)} be a family of measurable mappings. Assume that there is a 
measurable map Z : H — » S such that 

(LD)i For any M > 0, if a family {/? £ , e 6 (0, 1)} c 3\. M (as random variables in D M ) converges 
in distribution to h e 3\ M , then for some subsequence s k , Z £A (-+— = f Q hf(-)ds) converges 
in distribution to Z (h) in S. 

(LD)2 For any M > 0, if {h n ,n e N} c D M weakly converges to /i e H, then for some 
subsequence h„ k , Z (h nk ) converges to Z (h) in S. 

For each /eS, define 

1(f) := \ inf \\h\\l, (3.20) 

2 jfteH: /=Zb(/0} 

where inf = oo by convention. Then under (LD)2, /(/) is a rate function. 
We recall the following result due to O (see also Il29l Theorem 4.4]). 

Theorem 3.9. Under (LD)i and (LD)2, {Z e , s e (0, 1)} satisfies the Laplace principle with the 
rate function 1(f) given by t\3.20\) . More precisely, for each real bounded continuous function g 
on S: 



£->0 







|exp 


| ^ £ )lj 



= -M{g(f) + I(f)}. (3.21) 

feS 



In particular, the family {Z E ,s e (0, 1)} satisfies the large deviation principle in (S,S(S)) with 
the rate function 1(f). 

n 



4. Proofs of Theorems |2.2| and |2.4| 
We first establish the following key stability estimate. 
Lemma 4.1. Assume that for some q > 1, 

b,beLl(R d ), \Vb\ e L q loc (R d ) 

and 

o-,&eI% c (R d ), \Vo-\eL%XR d ). 

Let fi(dx) = e A(x) dx with A e C(R d ). Let X t (x) and X,(x) be two fi-almost everywhere stochastic 
flows of (1221) corresponding to (b, cr) and (b, &) in the sense of Definition I2.il with p = q in 
d2.il) . Then for any N,R > 1 and rj, 6, s e (0, 1), there exist constants C\, C 2 , C 3 > such that 

E f (sup \X t (x) - X t (x)\ 2 A 1 L(djc) < ?] + 2fi( ^ N ^ E f I sup \X t (x)\ V \X t (x)\) p.(dx) 

Jb n \re[0,l] / Rrj Jb n \fe[0,l] / 

C\(s d \ a= \ + l >i) C? 

+ ; ' t + — - ^)IIl.(^ +1 )1,=i 
?7log5 1 77 

+ ^logV 1 ~ Bhq<B « ] + ll<r ~ ^<*>) ' 

where b s (x) = b*g E (x), C x = C(R,N, \\Vb\\ LHBR+l) , \\Vcr\\ L 2 q(BR+l) , K q , A) and C 2 = C 3 = C(i?, N,^,/*). 
Here, K q is from ([27]). 

Proof For 8 > 0, let ft : R+ -» R + be a smooth function with < < 1, < < f and 

5, 5 G [0,5/4]; 
5/2, 5 e [6, 00). 
By elementary calculations, we have 

5<2ft(5), j e [0,<5]. (4.1) 

Set 

Z t (io, x) := X t (io, x) - X t (co, x) 

and 

®(to,x) := sup &(\Z t (co,x)\ 2 ). 

f6[0,l] 

We divide the proof into two steps. 

(Step 1). In this step we prove that for any N,R > 1, there exist constants C\, C 2 , C 3 > as 
in the statement of the theorem such that for all 6, s e (0, 1), 

E f log + 1 Udx) < C x s~ d + C 2 log <T 1 f |V(fc s - b)\(z)dz 

JB N nG R \ ° I JB R+ i 

+ y (lit - b\\ LHBR) + Ik - <t|| l2 , (Br) ) , (4.2) 

where G R (uS) := \x e R rf : sup fe[0 u |X f (w, jc)| V x)\ < i?}. 
Noticing that for //-almost all jteR rf and all t e [0, 1] 



Z ( (x)= (K^W) - W)P + (o-(X s (x)) - &(X s (x)))dW s 
Jo Jo 

by Ito's formula, we have 

, (U\Z t {x)\ 2 ) ,\ „ C ? s {\Zs(.x)\ 2 )(Zs(x), b(X s (x)) - kX s (x))) 
log -= + 1=2 — — ds 



&(|Z,(*)I 2 ) + 5 2 
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^ , ^ 5 (\Z s (x)\ 2 )(Z s (x),(o-(X s (x))-&(X s (x)))dW s ) 



Jo 



U\Z s (x)\ 2 ) + 8 2 

'17 ( 



U\Z s (x)\ 2 ) + 6 2 



C> ? 6 (\Z s {x)\ 2 )\\cT(X s {x)) - &{X s {x))\\ 2 

+ — — . .... d.v 

Jo 

+ ? s '(\Z s (x)\ 2 )\(<r(X s (x)) - cf(X s (x))Y ■ ZAx)\ 2 ^ 

mzs(x)\ 2 ) + s 2 

' (? s (\Z s (x)\ 2 )) 2 \(cr(X s (x)) - &(X s (x))f ■ Z v (x)| 2 



Jo mZs(x)\ 2 ) + 6 2 ) 2 

=: h(t, x) + hit, x) + h(t, x) + I 4 (t, x) + I 5 (t, x). 

Since I 5 (t, x) is negative, we can drop it. For I\(t, x), by (14.11) . we have 

Ir , ^„ f 1 \KX s (x)) - b(X s (x))\ ■ l| Z;(A - )KV g 

sup \Ii(t, x)\ < 4 ds 

f€[0,i] Jo Vl Z -vWI 2 + 52 

+^ r iK*,(*))-£&(*))idj 

o Jo 

=: /ii(x) + I n (x). 

Noting that 

G R (co) c {x : \X t (co, x)\ < R} n {x : \X t (co, x)\ < R}, W e [0, 1], 
by (|2.1I) . we have 

Jg r o Jo JR d 

2.K C 
< —^\\\B R {b-b)\\ Ll < -J^||fc-£|| w (4.3) 



For I\\{x), if g = 1, by Lemma [3761 we have 

E f |/n(x)Kdx)<2 rf+2 E f f [/ 5 , £ (Z s (x))+/ fi>e (Z,(x))] iU (dx)ds 

JG/i JoJgr 

< Cd I Ae(x)yU(dx) < C W I / 5 , e (x)dx 

< C d ,R,A, e {s- d \\Vb\\ L HB R+1 ) + ^g6- l \\V(b £ - b)\\ LHBR+l) ) ■ {A A) 
if q > 1, by Lemma [3771 we have 



E f |/n(x)Kdx) < CE f f (M V5 |V&|(Z,(x)) + M vs |V&|(l,(x))Kdx)ds 
Jg r Jo Jg r 

(M^|V^|(x))V(dx)J < C\\Vb\\ mBR+l) . (4.5) 
r s (o>, x) := inf {t e [0, 1] : \X t (oj, x)| V X f (w, x) > i?}, 



< C 

For 7 2 (?, x), set 



then 

G r (oj) = {x : t r (oj,x) = 1}. 
By Burkholder's inequality, Fubini's theorem and (14.11) , we have 

E J sup |/ 2 (^*)IMdx) 

JB N r\G R fe[0,l] 
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Tr(x) (C'l 



JE sup I 
B N \te[0,T R (x)] Jo 

Jb n IJq 

■U 



mZ s (x)\ 2 )(Z s (x), (cr(X s (x)) - o-(X s (x)))dW s ) 



U\z s (x)\ 2 ) + s 2 



^'{\Z s {x)\ 2 )) 2 \Z s {x)\ 2 \o-{X s {x)) - diX,(x))\< 



(U\z s (x)\ 2 ) + s 2 ) 2 

' 1 |Z J (.v)KV5 



ds 



H(dx) 



\oiX s (x)) - fr(X s (x))\ 2 ■ 1 



3 N nG R \Z S (X)\ 2 +S 2 
As the treatment of I\(t, x), by Lemma [3771 we can prove that 



C, 



sup \I 2 {t,x)\n{dx) < C\\Va\\ L 2 q{BR+l) + -||cr - &\\ L 2 q{BR) 
nG R ?e[0,l] 



and similarly, 



- f sup |/ 3 (t, x)\fi(dx) < C\\Vcr\\ L 2 HBR+l) + -\\o- - fr\\ L i q(BR ) 

JB N nG R ?e[0,l] 



v nG R 

c 

sup |/ 4 (f, x)\ix{dx) < C||Va-|| L 2 9(eR+l) + — ||cr - &\\ L ^ (BR y 
nG R te[0,\] 



Combining fl473l)-(l478l). we obtain (1421) . 
(Step 2). For any 77 > 0, we have 



:/ 

JBf, 



A l)//(d*) < ?7 + M^)^ ^ A l)n(dx) > 77 



If 



7] + H(B N )p\ f (O(x) A l)ft(dx) > ^ 



+ KBn)P 



If 

WB N nG R 



(<D(*) A l)ju(dx) > ^ 



By Chebyshev's inequality, we have 



J f (O(x) A D^dJc) > \ \ < P Wiv D G£) > 2} < -E/j(5 w n G^ 
(Ja^no; 2 J I 2J 77 

< — e r 

Rv Jb. 



sup |X f (*)| V|Z f (x)||Mdx). 

(€[0,1] 



Set now 



log 



<5 2 



+ 1 . 



Notice that if ^(jc) < then O(jc) < 6. Hence, for any 5 < we have 



'If 

{JB N nG R 



(OWAl)Mdx)>^<P 



+ P 

<P 



If 

{JB N nG R 



(4.6) 

(4.7) 
(4.8) 



(4.9) 



(4.10) 



(O(x) a l) • l^MMogrnMd*) > - 



I (O(x) A 1) • l {2 ^W<log5-i}j"(dx) > J > 

JB N nG R 4 J 

{ r ¥ tf (*Md* 



7/ log 5 
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; f y s (x)fi(dx). 

Jb n C\G r 



(4.11) 



The result now follows by combining (14T21 , (gjg) , (IOU1) and (@TQ). □ 
Let^ 6 C°°(R d ) be a nonnegative cutoff function with 

(1, W < l, 

ll*IL<l.**) = { 0i w>2i (4-12) 

Set^ n (x) :=x(x/ri) and define 

b n := b * p n ■ Xn, cr n := cr * p n ■ Xn, (4.13) 

where p„ = f>i/ n is the mollifiers given by (|3.12l) . 

We are now in a position to give the proofs of Theorems 12.21 and l2.4l 

Proof of Theorem |Z2] Let b n and cr„ be defined by (|4.13l) . Let X"(x) be the solution of the 
Stratonovich SDE: 

x?oc)=x+ r &„(z^x))d5+ r ^(^odw., 

Jo Jo 

= * + f 5„(X?(x))ds + f cr n (^(x))dW„ 
Jo Jo 

where £>„ := + \cH„d jcr' l n . We divide the proof into three steps. 

(Step 1). By Lemma I3TI and the property of the convolution, for all x e W 1 and t e [0, 1], we 
have 



detCV^Wr 1 )! < exp (||[-div£„ + IdtrjldjO* + 0*%?$ + ||divcr„| 2 ] + 
= exp{||[-divZ7„ + \o-ld\o-l + i|divcrJ 2 ] + |U} 
< exp{||[divfc„]"||oo + ^\\\o- n \ ■ |Vdivo- ;1 ||U + ^||divo-„|| 



Noticing that 

divb n = djXnib 1 * p„) + (divb * p n )x n , 

0- ll n d]j(T } l = (0-' J * p n )[($jO- * p n )Xn + 2(5 f CT * p„)djX„ + (CT * p„)6jjXn\, 

by (|2.2I) . the definition of^„ and elementary calculus, for n > 2(^ V r), where r is from (12.21) . 
we find 

||[div* B riU<C + ||[div*riU 
|||cr„| • IVdivcrJIU <C + \\ sup - z)\ • |Vdivcr||| 

||diva-„||^<C + ||divo-||L 
Here and below, C is independent of n. Thus, 



sup sup E| det(V[Zf (x)] _1 )| < +00. 

neN (f,x)e[0,: 



Hence, for any nonnegative measurable function ip e L 1 (K rf ), 

sup E J (p(X"(x))dx = sup E I ^(x)-|det(V[Zf(x)r 1 )|dx<^|M| i i. (4.14) 

re [0,1] Jr<* re [0,1] Jr<* 



fe[0,l] jRrf fe[0,l] 

(Step 2). In this step we prove that for any N > 0, 



supE f sup |X f "(jc)| 2 dx < +00. (4.15) 

«eN Jfiiv re [0,1] 
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Set 



g f (x):=E(sup \X n s (x)\ 2 

se[0,t] 



By Ito's formula, Burkholder's inequality and Young's inequality, we have 

g t (x)<\x\ 2 + 2E [ \X" s (x)\-\b n (X" s (x))\ds + E f \\cr n (X n s (x))\\ 2 d S 
Jo Jo 



1/2 



<\X\ 2 + 2E f |^W|-|^(r;(x))|-(l|x ?W Kr+l KW |>,)d5 

Jo 

+ E 



sup \X n s (x)\ 

\s€[0,i] 



f \\cr n (X: 
Jo 



(X" s (x))\\ 2 ds 



l/2\ 



< W + 



1 



' f \\cr n (X;(x))\\ 2 d S + C. 
Jo 

2rE f |S„(Z^(x))|-l| Wr d 5 + C r E f (1 + \X n s (x)\ 2 )ds 
Jo Jo 

1 f \\cr n (XKx))\\ 2 d S , 
* Jo 

where r is from (12.21) and we have used (12.21) in the last step. Hence, 

g t (x) < 2\x\ 2 + 4rE f |£„(X?(x))| • l^^ds 
Jo 

+ 2c r f (i+^))d5 + cE f n^„(x;;(^))n 2 d5. 

Jo Jo 
By Gronwall's inequality, we obtain that 

gl (x) < C r {\x\ 2 + E JT |5„(X?(x))| • l KWKr d* + E JT ||<7-„(X?(x))|| 2 d* j . 
Now, by (14.141) and (|2T2l) . we have 

E I g f (-*)d->c < C Mr + CV||Z?„|| L i (Br) + C N , r (\\o- n \\ 2 mB c r) + \\<T n \\ 2 L2(B ) ) 

< C N , r + C r ||^|| L i (Br) + C r ||o-J L 2 (B JVo- n || L 2 (er) + C N , r (\\o-\\ 2 L „ m + \\o-\\ 2 L 2 (Br) ) 

< C N , r + C r \\b\\ LHBr) + C r \\o-\\ L 2 iBr) \\Vcr\\ L 2 iBr) + +C Nir (\\ai\ 2 L «, iB c ) + l|0"|£ 2(Br) ), 

which gives (14.151) . 

(Step 3). Noting that for n > R + 1 

I|V^|Ili (B , +1 ) < Wb\\ L i (Bg+l) , \\V(r„\\ L 2 iBg+l) < \\Va-\\ L 2 {Bg+l) , 
by (14.141) , (14.151 ) and Lemma I4TT1 we have that for any 8,T],se (0, 1), 

— + —\\V(b n *q e - b n )\\ L i (BR+l) + — — T 

Rrj j] rjlogS 1 

- [\\b„ - b m \\ L i {BR) + \\a n - cr m \\ L 2 {BR ^ , 



Jb n \ 



sup \X?(x) - X™(x)\ 2 A 1 ]dx < 77 + 

/s[0,l] / 



77(5 log & 

where C\, C 2 , C 3 are independent of n, e, 8. 
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We take limits according to the following order: n, m — > oo, 6 — » 0, s — » 0, i? — » oo, 77 — > 0, 
then find 

lim E f I sup \X n t (x) -X f m (x)| 2 A 1 Id* = 0, 
which together with (14.151) gives further that for any p e [1,2), 



njn—i >oo 



; f ( sup \x» t 

Jb n ve[0,l] 



lim E sup |Zf (x) - Xf(xF djc = 



Therefore, there exists a continuous ^-adapted stochastic field X t (x) such that for any N > 
and p e [1,2), 

lim E I I sup - X,(x)| p Id* = 0. 

Jb n Wo.i] j 

In particular, there exists a subsequence still denoted by n such that for P <S> //-almost all (a>, x), 

lim sup |X"(a>, x) - X t (co, x)\ = 0. 

Condition (A) in Definition 12.11 now follows by (14.141 ) and (i) of Lemma |3.41 For verifying (B) 
in Definition 12. 11 it suffices to prove that for any N > and s e [0, 1], 

limE \ \b n {X n s {x)) - b(X s (x))\dx = 0, (4.16) 

n ^°° Jb n 

lim E f Ko-Hdj^XX^x)) - (o- J, d j cr i, )(X s (x))\dx = 0, (4.17) 
Jb n 

limE \ \cr n {X n s {x)) - a{X,{x))\ 2 dx = 0. (4.18) 

We only prove (14.161) . The others are analogous. We make the following decomposition: 

f \b n (X:(x))-b(X s (x))\dx< f \b n x m -b Xm \(X n s (x))\dx+ f \b n (l - Xm )\(X n s (x))dx 
Jb n Jb n Jb n 

+ f \b(l- Xm )\(X s (x))dx=:lT l + lT l + l3- 
•JBm 



For fixed m e N, by (ii) of Lemma [3741 we have 

limE/? m = 0. (4.19) 

n— >oo 

On the other hand, for m > r, we have 

I n 2 m < C f(l + \X n s (x)\) ■ l m \> m dx < - f(l + |X?(*)| 2 )d*, 
which together with (14.151 ) yields 

lim supE/f 1 = 0. (4.20) 

m— >oo 

Similarly, 

lim E/ 3 m = 0. (4.21) 



jm 
'3 

m—>oo 



Combining (14.191 ), (14.201) and (14.211) . we get (14.161) . The proof is thus complete. □ 
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Proof of Theorem Let b n and cr n be defined by (14.131) . Since b and cr are linear growth, 
have 

\b n (x)\ + \<T n (x)\ < C(l + |*|), 

where C is independent of n. It is then standard to prove that for any p > 1, 

sup E( sup |Xf(x)| 2p ) < +00. 

neN \f€[0,lj / 

Note that 

= d j°~ il * Pn -Xn + erf • 0#„, 

and by the linear growth of cr 

|cr„-yy„|< CWl<2w f (l + |*-y|)p„(y)dy<C. 
By Jensen's inequality and (12.51) . for n > i, we have 

|Aff = |divcr„ + cr^| 2 



<C(|diVCr| 2 *p„ + |o-| 2 * Pre .|V^| 2 + l) 
< C(|Vcr| 2 + |cr| 2 y 2 ) * p„ + C 



and 



-A2" "" = -[divZ7„ + W + ^o-^dlA - d^djai)] 

< C[[divfc]- * Pn + \b\ * Pn ■ |VA| + (|CT| * p„) 2 • |V^| + (|Vo"| * Pn f) + l] 

< C[[divfc]" + l%2 + \0-\ 2 73 + |Vcr| 2 ] * Pn + C. 

Hence, for all t e [0, 1] and p > 1, by Lemma |X2l and Jensen's inequality again, 

eT \J?(x)\ p n(dx) < sup f expf^lA^Wp-^A^-wWdx) 

Jr^ te[0,l] jR rf 

< C w f e c ([ div *] _ +l''lr2+kl 2 (y|+y3)+iv c r| 2 )*p„w , e m^ x 
<C N f e [ c ([ divfo r+l«'ly2+|cr| 2 (r5+y3)+iv c r| 2 )+ ri ]*p„w d;c 

<C N [ e c([div fo ]- + |% 2+ |cr| 2 ( y 2 +73)+ |V c r| 2 ) +ri ^ pn(j)dj 

= C w f e [ c ([ divfo r+lfoly2+kl 2 (yl+y3)+iv t r| 2 )+yi](.r) djc < +0Q _ 
Thus, by (13.31 ) and Holder's inequality, we obtain that for any p > 1, 

e f V (x; ! (*))p(d*) = e f ^(x)J7(x)p(dx)<iMi L p(E f ij-; 1 

Jr^ jR rf \ jR d 

The rest proof is the same as the Step 3 in the proof of Theorem [2T2l 
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(x)\~p(dx)\ <C. 



5. Proof of Theorem |2.9I 

For proving Theorem |2.9[ our task is to check (LD)i and (LD) 2 . By the infinite-dimensional 
Yamada-Watanabe theorem (cf. G51 ). there exists a measurable functional 

O e : Q -> S = L 2 /(R d ;C([0, l];R% p > 1, 

such that 

Xs/to, x) = <S> e (to)(t, x). 

For e e (0, 1), let h E e J\ M , where S\ M is defined by ( 13 . 19b . By Girsanov's theorem, one sees 
that 

x) = O e |w.(<u) + £ /i»dsj (t, x) 

solves the controlled equation: 

dXf (x) = fc(Xf(x))d? + o-(Xf (jc))Afd* + Veo"(Xf (x))dW f , X E (x) = x. 
For h e J?^, let (x) solve equation (12.91) . We have: 
Lemma 5.1. (i). For any p > 1 anJ/i e Jl M , 

E( sup |Xf(x)| 2p ) + sup E( sup |Xf(x)| 2p ) < C(l + \x\ 2p ). 

Ve[0,l] / e6(0,l) \re[0,l] / 

(ii). For any p > 1, h E e Ji M and nonnegative function <p e L p (R d ), 



E f y>(Xf(x)Mdx) < C^IMIzj. 

Proof, (i). It is standard by the linear growth of and cr. 

(ii). Let us define b n and cr„ by (14.131) . Consider the following SDE: 

dXf' n (x) = b n (Xf' n (x))dt + o- n (X £ '"(x))h E dt + ^o- n (X°- n (x))dW t , X E Q '\x) = x. 

From the proof of Lemma l3.2l and Theorem l2.4[ one can see that for any p > 1 and <p e L p (R d ), 

E f (p(Xt- n (x))p(dx) < C^IMIrf, 

where C^m is independent of s. Now taking limit n — » oo gives the result (see Lemma l3~4l) . □ 
Set 

<(x):= f o-(Z^(x))(^-^)d5. (5.1) 
Jo 

Lemma 5.2. Suppose that h £ weakly converges to h a.s. in D M - Then for any p > 1, we have 

limE f sup \w E (x)\ 2p dx = 0. 

Jb n re [0,1] 

Proo/ For fixed (co, x), let us first prove that 

lim sup \w s t (co, x)\ = 0. (5.2) 



e->0 



f6[0,l] 



By the weak convergence of h E (a>) to /j.(o>), one sees that for fixed t e [0, 1] 
limw E (co, x) = lim I cr(X^(o), x))(ft*(&>) - h s (o)))ds = 0. 

£^0 e^0 J 
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Since for f < t 

\w s t (oj, x) - w e (oj, x)\ < £ \o-(X h s (<o, x))(h s s (oj) - h s (aj))\ds 

< 2M (^ \<r(X h s (co,x))\ 2 dsJ -» 0, 
uniformly in s as \t - f\ —* 0, we immediately have (15.2b ■ In view of 



sup \w e t {x)\ 2p < Cm, ; , f |cr(X*(x))| 2p d*, 

te[0,l] Jo 



(£[0,1] 

the desired limit now follows by the dominated convergence theorem and (15.21) . □ 

Lemma 5.3. Suppose that h E weakly converges to h a.s. in D M . Then for some subsequence e^, 
X Ek converges to X h in probability in space S, where X h solves equation \2.% . 



Proof. Set 



Zf(x) :=X E (x)-X l t \x). 



By Ito's formula, for any 6 > 0, we have 

108 [— + T 2 i wrf is 

- (Z%xU<r(X%x))-a-i.Xl(x)))lf,) 

+ 2 1 kwFT? dI 



+ 2Ve f 
Jo 



* (Z s s (x), o-(X*(x))(h E s -h s )) 
Z E s (x)\ 2 + 6 2 
' (Z°(x),o-(X e s (x))dW s ) 



+2 f " w/ d,v 

Jo 



\Z s Ax)\ 2 + S 2 



r'H^wf _ r' \(o-(x E (x))f-z E (x)\ 2 

+ £ X \Z E (x)\ 2 + d 2 ^ Z£ X QZfixtf + S 2 ) 2 aS 
: I\ (t, x) + /f (t, x) + I s (t, x) + I E 4 (t, x) + I E 5 (t, x) + I E (t, x). 



We want to prove that for any N,R > 0, 



r . ( sup^o.1] iz?(*)i 2 \ 

log — a* — + 1 



)u(dx) < Ci + (5.3) 



where Ci is independent of e and 5, C2(e) — > as e — » and 

G£(w) := {* e R rf : sup |Xf(<u,x)| V |X*(w,x)| < /?}. 

re[0,l] 

First of all, If(t, x) is negative and dropped. By Lemmas [3.71 and I5TT1 as in the proof of Lemma 
14.11 it is easy to see that 



E f sup (|/f (t, x)\ + I E (t, x)\)p(dx) < Ci . 

JB N nG% fe[0,l] 



Moreover, by Burkholder's inequality, we also have 



sup (\I E (t, x)\ + I E 5 (t, x)\)p(dx) < 

JB N nG s R <e[0,l] d 
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We now deal with the hard term I^(t, x). Set 

?(*): 



3 V 

X 



\x\ 2 + 8 2 ' 
Recalling (15.11 ), we have 



I E 3 (t,x) = 2 f <£(ZJ(x)),d<(x)> = 2<£(Zf(x)), <(*)>" 2 f «(x), d£(Z e (x))>. 
Jo Jo 

By Ito's formula, we have 

d£(Zf (x)) = V£(Zf (x))(b(X e (x)) - (x)))d* 

+ V£(Zf (x))(o-(Xf (x))fcf - cr(X*(x))h t )dt 

+ ^(Z?(x))(T il (Xf(x))(rHX?(x))dt 

+ ^V^Z £ {x))a{X E t {x))dW t . 

Hence, 

Il(t, x) = 2(t(Zf (x)), wf (x)> - 2 f <V£(Z e (x))(fc(X e (x)) - 6(X*(x))), <(x)>d* 

Jo 

- 2 f <V£(Z*(x))(cr(X e (x))^ - cr(X h s (x))h s ), w E (x))ds 



(d^(z:(x))cr\x:(x))<T ] \x:(x)),w:(x))d S 



Noticing that 



and 



we have 



"I 

Jo 

-2Ve f (V^(i)Mi:W)dW s ,w:(x)) 
Jo 

: 7^, x) + Jf 2 (r, x) + I E 33 (t, x) + I E 34 (t, x) + I e 35 {t, x). 

apk< = Is* _ ^ 

* W W 2 + <5 2 (|x| 2 + <5 2 ) 2 



2 £ fe (Vl = - ' ^' =kXj + 4x'x ; X* 

^ ^ ; (ixp + 5 2 ) 2 (\ x \ 2 + s 2 y 



|f(*)|<i |V£(x)|<^, |V 2 £(x)|<^. 



Using Lemma [531 as above, one finds that 



C(e) 



. \ sup \I E 3 {t, x)\fi(dx) < 

JB N nG £ R «H[0,1] 



where C(s) — » as e — > 0. 

Combining the above estimates, we obtain (15.31) . Thus, by (15.31) and Lemma ISTTl as (Step 2) 
in the proof of Lemma R~T1 there exists a subsequence such that for i 3 <g> /i-almost all (oi, x) 

sup \X Ek (oj, x) - Xf(co, x)| —> 0, as & — » oo. 

<e[0,l] 

Using (i) of Lemma ISTTl there exists another subsequence s' k such that X £ * converges to X h in 
probability in space S. □ 

21 



Proof of Theorem PZPl Let h £ be a sequence in 3\ M converging to h in distribution. Since D M 
is compact and the law of W is tight, {h £ , W} is tight in Dm x Q by the definition of tightness. 
Without loss of generality, we assume that the law of {h £ , W} weakly converges to some P on 
Dm x ^- Then the law of h is just P(-,Q). By Skorokhod's representation theorem, there are 
probability space (Cl, P), and random elelments {h £ , W £ } and {h, W} in D M X Q. such that 

(1) (h £ , W £ ) a.s. converges to (h, W); 

(2) (Jf, W £ ) has the same law as (h s , W); 

(3) The law of {h, W} is P, and the law of h is the same as h. 
Using Lemma [531 we get for some subsequence Sk, 

® Ek \W £k + -^— \ h E s k ds)^>X h , in probability. 
\ Jo / 

From this, we derive 

<J> £ , \W. + — J= f h s Ms) -> X h , in distribution. 
\ yfsk Jo / 

Thus, (LD)i holds. (LD)2 can be simply verified as Lemma [5731 □ 
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